With the recent rapid development of cities, the dynamics of urban road-traffic commuting are becoming more and more complex. In this research, we study urban road-traffic commuting dynamics based on clustering analysis and a new proposed urban commuting electrostatics model. As a case study, we investigate the characteristics of urban road-traffic commuting dynamics during the morning rush hour in Beijing, China, using over 1.3 million Global Positioning System (GPS) data records of vehicle trajectories. The hotspot clusters are identified using clustering analysis, after which the urban commuting electric field is simulated based on an urban commuting electrostatics model. The results show that the areas with high electric field intensity tend to have slow traffic, and also that the vehicles in most areas tend to head in the same direction as the electric field. The results above verify the validity of the model, in that the electric field intensity can reflect the traffic pressure of an area, and that the direction of the electric field can reflect the traffic direction in that area. This new proposed urban commuting electrostatics model helps greatly in understanding urban road-traffic commuting dynamics and has broad applicability for the optimization of urban and traffic system planning.
Introduction
Urban agglomerations are the result of societal and economic development around the world, and of globalization, regional urbanization, integrated regional economies, and well-developed traffic networks [1] . In May 2016, the journal Science published a series of articles entitled "Rise of The Urban Planet", in which the authors asserted that over half of the world's population live in cities, and that this proportion would reach two-thirds by 2050 [2] . In this context, large-scale urban commuting arises due to urban population migration and the development of urban transportation, and such commuting has quickly become a popular research topic. Urban commuting analysis is a type of spatial analysis which seeks to explain patterns of human mobility and its spatial expression in terms of mathematics and geometry [3] . Urban commuting analysis is of great importance, since urban commuting is intimately related to the social environment and urban development [4] . Characterizing and extracting information about urban commuting has been one of the main goals of urban commuting studies.
The study of urban commuting currently draws attention from several fields of research, such as urban function planning [5] , rural-urban differences [6] , the construction environment [7] , population distribution [8] , traffic states estimation [9] , commuting tools, time, cost and distance [10, 11] , travel patterns [12] , public behavior [13] , road incident impact evaluation [14] and node ranking of urban networks [15] .
Data for urban commuting analysis have become increasingly abundant and diverse. Besides conventional aggregate data, such as censuses, community surveys and questionnaires, the appearance of new technologies offers more types of data about cities. These data are provided by sensors, public or private services, mobile devices, web services, social networks, location-based services and GPS trajectories [16, 17] . For instance, Agryzkov et al. compared the data extracted from a social network with data collected from the fieldwork in order to establish the appropriateness of understanding the activity that takes place in Murcia, Spain [16] . Wan et al. tried to simulate traffic commuting patterns in Beijing, China, based on a theory of spatial equilibrium using location-based service (LBS) data [18] . Furthermore, Misra introduced the concept of socio-physical analytics which fused transportation-related data across multiple modalities with social media sensing to identify and characterize urban micro-events [19] . Among all these data, data from GPS trajectories have the characteristics of large sample size, high data density, wide coverage, and high accuracy [20] . Therefore, research on urban commuting using GPS trajectories has been extensively conducted in recent years. For instance, Fu et al. investigated commuting behavior by taxi and studied the spatiotemporal distribution characteristics of urban residents' travel activities, based on vehicle trajectory data generated by taxi GPS devices [21] . Mao et al. tried to identify potentially meaningful places by using the spatial clustering of taxi Origin-Destination (O-D), identifying threshold values from statistics of the O-D clusters, and then extracting urban jobs housing structures, in order to understand the spatial distribution and temporal trends of the revealed urban structures and implied household commuting behavior [22] . In summary, regarding the study of urban commuting analysis, previous studies mainly focused on and contributed much to detecting urban commuting events and profiling urban commuting characteristics, including the characteristics of commuting generations and the characteristics of commuting dynamics. As a result, in recent years, O-D patterns, the distribution of hotspots, and the distribution of congested segments have been subjected to abundant research based on different methods in recent years.
However, despite plentiful research on urban commuting analysis, insufficient attention has been paid to studying the correlation between urban commuting generations and commuting dynamics, and moreover there are still no effective tools to handle this problem in practice. Some researchers have tried to identify a connection between trip patterns and origins/destinations. For instance, an approach was suggested to synthesize trips and catchment areas between towns in a region based on the gravity model, which introduced an analogy with the law of gravitation to urban commuting analysis [23] . In another study, long-distance communications were characterized by a gravity model, and the authors found that the intensity of communication between two cities was proportional to the products of the two populations divided by the square of the distance between the cities [24] . However, the studies mentioned above estimated urban commuting trips based on the static population data of the towns, instead of directly using the observed trip pattern or dynamical O-D trajectories, which makes the results rough and imprecise [25] . In brief, new methods are needed for the in-depth study of the correlation between urban commuting generations and commuting dynamics. This need motivated the present study. The main objectives of this study were to analyze the characteristics of commuting generations and the characteristics of commuting dynamics separately, and to clarify the correlation between them. In particular, we achieved this purpose by establishing a set of simple, universal, and effective methods, which is also the main contribution of this study.
In this study, clustering analysis based on an O-D hotspot clustering model was first implemented to profile the O-D hotspots in the morning rush hour in Beijing, China. An urban commuting electrostatics model was proposed based on the results of the clustering analysis, and an urban commuting electric field was built in two-dimensional urban space. Next, we chose features of moving vehicles as the characteristics of urban commuting dynamics and clustered the features of vehicles to the same two-dimensional urban space. This allowed the further analysis on the correlation between urban commuting generations and commuting dynamics. The remainder of this paper is organized as follows: Section 2 introduces the method design of this study, including the clustering method and urban commuting electrostatics model; Section 3 presents the study area and details of the taxi trajectory data used in the study; Section 4 reports and discusses the results; and Section 5 concludes the paper with a summary of the main findings.
Methodology
The methodology used in this study is consisted by two parts, as shown in Figure 1 . First, a clustering analysis was conducted using geographic data and GPS data of vehicle trajectories to profile the pick-up and drop-off hotspot clusters. The practical meaning of hotspot clusters is the areas/zones with concentrated pick-up or drop-off events in a city during a specific period of time. Second, an urban commuting electric field was built based on the urban commuting electrostatics model, using GPS data of vehicle trajectories and the distribution of hotspot clusters. The key connection between the clustering analysis and the urban commuting electrostatics model is the pick-up and drop-off hotspot clusters. The hotspot clusters are the output of the first method and are simultaneously the input for the second model. vehicles to the same two-dimensional urban space. This allowed the further analysis on the correlation between urban commuting generations and commuting dynamics. The remainder of this paper is organized as follows: Section 2 introduces the method design of this study, including the clustering method and urban commuting electrostatics model; Section 3 presents the study area and details of the taxi trajectory data used in the study; Section 4 reports and discusses the results; and Section 5 concludes the paper with a summary of the main findings.
The methodology used in this study is consisted by two parts, as shown in Figure 1 . First, a clustering analysis was conducted using geographic data and GPS data of vehicle trajectories to profile the pick-up and drop-off hotspot clusters. The practical meaning of hotspot clusters is the areas/zones with concentrated pick-up or drop-off events in a city during a specific period of time. Second, an urban commuting electric field was built based on the urban commuting electrostatics model, using GPS data of vehicle trajectories and the distribution of hotspot clusters. The key connection between the clustering analysis and the urban commuting electrostatics model is the pickup and drop-off hotspot clusters. The hotspot clusters are the output of the first method and are simultaneously the input for the second model. 
Origin-Destination (O-D) Hotspot Clustering Model
O-D travel demand is critical information for planning, operating, and analyzing a transportation system in a city [26] . The O-D scattered points in megacities such as Beijing are very dense, even for a short time period, and particularly during rush hour. It takes immense manpower and time to study the huge volume of O-D lines individually. Clustering is an effective method to simplify data processing and hence simplify the problem [27] . The O-D points can be clustered into pick-up clusters or drop-off clusters, and then the O-D lines among these clusters can be studied. Clustering methods can be classified into five main categories: (1) hierarchical methods; (2) partitionbased methods; (3) density-based methods; (4) grid-based methods; and (5) model-based methods [27] [28] [29] [30] [31] . The K-means algorithm is a widely used partition-based clustering method [32] . The value of the parameter K needs to be artificially set before the clustering process begins and cannot be changed during the process. The classical K-means algorithm is not suitable for O-D hotspot clustering since it is usually difficult to appropriately estimate the number of O-D hotspot clusters for a city. The Iterative Self Organizing Data Analysis Techniques Algorithm (ISODATA) is more suitable for studying the problem, as the cluster number in ISODATA is not decided in advance, which makes the model different from the K-means algorithm. The core idea of ISODATA is very intuitive: when the distance between two cluster centers is less than a threshold, the two clusters will be merged into a single cluster. When the standard deviation of a cluster is greater than a certain 
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Collection mark of the clusters, j = 1, 2, . . . , N C N j
Number of samples in the cluster S j , j = 1, 2, . . . , N C θ N Minimum number of samples in a clustering center; the clustering center will be deleted if the number of samples is less than θ N θ S Standard deviation of the distribution of the between-sample distance in a clustering center θ C Minimum distance between two clustering centers; the clustering centers will be merged if the distance between them is less than θ C There are several steps in the proposed O-D hotspot clustering model [36] .
Normal K-means
Step: In this step, N samples are classified into different clusters. This step contains five sub-steps:
(1) Suppose there are initially N samples in a system, sort them into different S j , j = 1, 2, . . . , N C . The samples are denoted by {x 1 , x 2 , . . . , x N }. Preselect N C initial clustering centers discretionarily, denoted by {z 1 , z 2 , . . . , z N C }. The distance between a sample and the clustering center z j is denoted by
. . , N C }, which means x − z j is minimum for all the distances of a sample to the clustering centers, then x ∈ S j ; (2) If the number of samples in S j is less than θ N , then delete the cluster, N C = N C − 1. Go to Step 1 and reclassify N samples into different S j , j = 1, 2, . . . , N C ; (3) Revise the clustering centers:
(4) Calculate the mean distance of the samples in a cluster to the clustering center:
(5) Calculate the total mean distance of all the samples to their corresponding clustering centers:
Dividing
Step: If N C ≤ K 2 or (i%2 == 0 and N C < 2K), the program enters a dividing step, which contains two sub-steps:
(1) Calculate the vector of the standard deviation of each cluster. In the following equations, i denotes the dimension of the eigenvector of samples while j denotes the number of clusters. The maximum component in σ j is denoted by σ jmax :
Merging
Step: If N C ≥ 2K or i%2 == 0, the program enters a merging step, which contains two sub-steps:
(1) Calculate the distances of different clustering centers:
Compare the values of D ij and θ C . If D ij is less than θ C , put these D ij into a set and sort them from small to large as
Notice that L is the number of groups that could be merged in one merging step. Merge these clustering centers and obtain a new clustering center.
Classical Theory of Electrostatics
Coulomb's law states that oppositely charged particles attract each other while particles with the same charge repel each other with a force that is proportional to the magnitude of each charge and inversely proportional to the square of the distance between the particles, the force being directed along the line joining the particles. If "1" and "2" are two particles with charges q 1 and q 2 , respectively, and are separated by a distance r 12 , the electric force exerted by "1" and "2" as given by Coulomb's law is:
where K is the constant of proportionality and F 12 is the force exerted by "2" on "1". In vector notation, this equation can be written as:
whereê r = → r 12 / r 12 is the unit vector along → r 12 . If there are more than two particles with charges, the total force on one particle is the vector sum of the forces it experiences due to all other particles separately; this is known as the principle of superposition. If there are three particles, denoted by "1", "2", and "3", the force on q 3 is given by:
The force acting on a charge q j due to a number of other charges is:
The electric field at a point P is defined by:
where → r 0 is the location vector of the point P, and → r i are the location vectors giving the location of the other charges. The strength of the field E(r) is called the electric field intensity. If a charge q is placed at a point at which the field is → E, the force acting on the charge is:
Urban Commuting Electrostatics Model
There are a large number of spatial migration patterns for people in cities. For example, the patterns of home-work-home, home-education-home, and home-driving children to school-work-picking up children from school-home pattern are especially common [37] . No matter what the spatial migration patterns are, people's trajectories can be considered to be an O-D line or can be cut into several O-D lines. These O-D lines start from the pick-up origins and end at the drop-off destinations. The spatial migration of people via vehicles can be considered to be the outcome of a repulsion force from the pick-up origin and an attraction force from the drop-off destination. Based on this analogy, a new urban commuting electrostatics model is proposed which analogizes the driving force of people's migration to the force acting on a charge in an electric field.
In the model, people are considered to be positive charges. With this assumption, the pick-up origins are considered to be static positive charges and the drop-off origins are considered to be static negative charges. Studying the repulsion forces, the attraction forces, and the corresponding spatial migration of people will help to better understand the principle of urban road-traffic commuting. However, it is difficult to directly study people's trajectories one by one due to the huge amounts of data involved. In this paper, road points are chosen as the study objects. For a specific road point, we can find that there are various vehicles with totally different O-D lines passing through the point. These vehicles are influenced by different pick-up hotspot clusters and drop-off hotspot clusters. From the perspective of big data, the commuting features of the road points in a city are influenced by all the pick-up hotspot clusters and drop-off hotspot clusters. An urban commuting electric field is formed in the city based on the model, despite the fact that the forces on a single vehicle are only exerted by its own pick-up point and drop-off point.
To simplify the problem, we consider that the magnitude of charges is concentrated in the clustering center of each cluster. A diagrammatic view of the urban commuting electrostatics model is shown in Figure 2 . 
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Suppose that there are pick-up and drop-off hotspot clusters and road points. The urban commuting electric field can be calculated by Equation (14):
Figure 2. Graphic of the urban commuting electrostatics model. q i+ (−) is the positive (negative) charge of cluster i, E jR is the electric field at road point j, and E ji is the electric field at road point j exerted by cluster i.
Suppose that there are N pick-up and drop-off hotspot clusters and M road points. The urban commuting electric field can be calculated by Equation (14):
where → r j is the location vector of the road point j;
→ r i are the location vectors giving the location of the pick-up or drop-off hotspot clustering centers; q i is the charge of cluster i, and represents the number of people getting into or getting out of vehicles during the study period. Thus, the unit of q i is "person"; K is the unit conversion coefficient, and can be set to be 1 m 2 /person in the SI system of units; and Γ is an artificially set boundary value of the distance between a road point and a clustering center. If the road points are too close to a specific clustering center, the electric field intensity → E r ji contributed by the clustering center will be too large. The value of Γ was set as one kilometer in this study, as this is approximately the distance from the center of one community cell to the neighboring roads in the study area. However, it is easy to adjust the value of Γ if needed.
The electric field → E has referential significance due to the following two assumptions, which will be quantitatively analyzed in Section 4.3:
•
The sum of the electric field intensities → E r ji at a specific road point could reflect the importance of the road point to a certain extent. The road point has a greater probability of being a transportation hub or a transportation hotspot if the sum of the electric field intensities → E r ji is bigger, since a bigger sum of the electric field intensities means that the road point is affected by more pick-up and drop-off hotspot clusters at a relatively close distance and bears more traffic-commuting pressure.
• The vector sum of the directions of the electric field → E r j at a road point can reflect the road-traffic commuting direction with the maximum probability at that point. The comprehensive performance of vehicles at a specific road point (denoted by P χ ) tends to head in the same direction as the electric field at P χ , since that specific direction represents the direction of the commuting function undertaken by P χ in the entire urban road-traffic commuting system.
Study Area and Data Resources

Study Area
Beijing occupies an area of 16,410 km 2 and hosts 21.73 million people, giving a population density of 1145 people/km 2 [38] . Beijing covers 16 administrative regions (Yanqing, Huairou, Miyun, Changping, Shunyi, Pinggu, Mentougou, Haidian, Chaoyang, Shijingshan, Xicheng, Dongcheng, Fengtai, Fangshan, Daxing, and Tongzhou). There is a total of four functional areas: core areas, expansion areas, new developed areas, and eco-conserving areas. As the traffic hotspots are mainly concentrated in the center of Beijing, we chose an area in this location as the study area. The study area is an approximate rectangle spanning 116 to 116.8 • E and 39.6 to 40.2 • N, and has an area of 4552.99 km 2 . Figure 3 shows a map of Beijing which has been divided into districts according to administrative regions and functional areas [39] . Road traffic plays a critical role in connecting most people's homes with their places of work or study. In Beijing, by June 2016, there were 21,885 kilometers of public road, of which 982 kilometers were highway. Figure 4 shows the road network of the study area. This figure shows only the highways, including the ring roads, and main roads, as they are the most important components of all the public roads, and typically enable the function of urban road-traffic commuting in a city. While some minor roads and paths may be chosen by pedestrians or cyclists, they do not play important roles in people's long-distance commuting in a city, since these minor roads and paths mainly exist in communities, Hutongs (a type of narrow street or alley commonly associated with northern Chinese cities, especially Beijing), parks, etc. 
Data Resources
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There are two main modes of transport on roads in cities: private cars and public transport [40] . Private cars mainly include civilian vehicles, while public transport mainly includes buses and taxis. According to the Beijing census, there were a total of 5,474,400 civilian vehicles in Beijing in 2016 [38] . Of this number, 5,093,900 were civilian passenger service vehicles, 330,100 were civilian trucks, and 50,300 were other kinds of vehicles. All of these vehicles produce a huge volume of trajectory data at all times, however collecting all of this data is almost impossible due to the privacy restrictions in China. Taxis, another important kind of road-traffic vehicle, play an important role in transporting people. The trajectories of taxis are more flexible than those of buses. There were between 66,000 and 69,000 taxis in Beijing over the last several years, almost all of which are equipped with GPS recorders. According to previous studies, taxi trips represent a significant portion of people's urban mobility [41] . For this study, we managed to obtain the GPS trajectory data from 66,646 taxis from the Beijing Municipal Commission of Transport. The data are from 30 September to 31 December 2012. The interval between two adjacent data records is one minute or several minutes, depending on the performance of the different GPS recorders. Each data record contains the following information: serial number, vehicle company, terminal ID, time label, WGS84 (World Geodetic System 1984) longitude, WGS84 latitude, mesh longitude, mesh latitude, vehicle speed, vehicle direction, vehicle state, event, and elevation. The most important pieces of information from the data records are terminal ID, time label, WGS84 longitude, WGS84 latitude, vehicle speed, and vehicle direction.
For our case study, we chose a total of 1,308,705 valid data records, i.e., those with no data deficiencies, recorded between 7:00 a.m. and 8:00 a.m. on working days.
Results
Features of the Urban Commuting Electric Field
The hotspot clusters can be obtained based on the O-D hotspot clustering model. The distribution of the hotspot cluster centers based on the O-D hotspot clustering model can be found in our previous study [35] . In the present study, the centers of the hotspot clusters are considered to be static charges. The pick-up hotspot clusters are considered to be static positive charges and the drop-off hotspot clusters are considered to be static negative charges. The distribution of the static charges in the case study is shown in Figure 5 . The charge magnitude of these static charges is proportional to the number of pick-up or drop-off records in the study time interval. people. The trajectories of taxis are more flexible than those of buses. There were between 66,000 and 69,000 taxis in Beijing over the last several years, almost all of which are equipped with GPS recorders. According to previous studies, taxi trips represent a significant portion of people's urban mobility [41] . 
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Features of Urban Road-Traffic Commuting
In this study, we analyzed the features of urban road-traffic commuting in two ways.
The first was to individually analyze the statistical characteristics of 1,308,705 GPS data records of vehicle trajectories. The second was to cluster these GPS data records to the data-collection road points and then analyze the statistical characteristics of these road points. The first way can give an overall perspective of the data, however it requires immense computational resources and time. Considering that many GPS data records may have coverage near to the same road point, the second data processing method was a simple and effective way to process and present the data. A series of datacollection road points were set up every 100 meters on the highways and main roads, referred to as road grids. Then, the vehicles on the highways and main roads were clustered into these road grids according to the "nearest neighbor" principle. There was a total of 23,854 valid road grids in the study area.
The mean velocity of vehicles is the most important index for evaluating traffic flow conditions. The mean velocity of the vehicles in each road grid was calculated. The result is shown in Figure 8 According to the assumptions made in Section 2.3, the sum of the electric field intensities → E r ji at a specific road point reflects the importance of the road point to a certain extent. To prepare for later use in this study, the distribution of the sums of the electric field intensities → E r ji in the study area was calculated. The result is shown in Figure 7 . We found that it is easier to form a sub-circular area with a high sum of electric field intensities near the center of the study area. The sum of the electric field intensities is generally lower in the area close to the edge of the study area. According to the assumptions made in Section 2.3, the sum of the electric field intensities ∑� ( ) �����������⃗ � at a specific road point reflects the importance of the road point to a certain extent. To prepare for later use in this study, the distribution of the sums of the electric field intensities ∑� ( ) �����������⃗ � in the study area was calculated. The result is shown in Figure 7 . We found that it is easier to form a sub-circular area with a high sum of electric field intensities near the center of the study area. The sum of the electric field intensities is generally lower in the area close to the edge of the study area. 
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In this study, we analyzed the features of urban road-traffic commuting in two ways. The first was to individually analyze the statistical characteristics of 1,308,705 GPS data records of vehicle trajectories. The second was to cluster these GPS data records to the data-collection road points and then analyze the statistical characteristics of these road points. The first way can give an overall perspective of the data, however it requires immense computational resources and time. Considering that many GPS data records may have coverage near to the same road point, the second data processing method was a simple and effective way to process and present the data. A series of data-collection road points were set up every 100 meters on the highways and main roads, referred to as road grids. Then, the vehicles on the highways and main roads were clustered into these road grids according to the "nearest neighbor" principle. There was a total of 23,854 valid road grids in the study area.
The mean velocity of vehicles is the most important index for evaluating traffic flow conditions. The mean velocity of the vehicles in each road grid was calculated. The result is shown in Figure 8 .
In this figure, the Figure 8 also shows that the traffic condition is mainly in accordance with a two-ring structure. The mean velocity of vehicles outside Beijing's 4th ring road largely falls in the range of (25.7, 160 ] km/h, with the color of the road grids being mainly green and blue. The mean velocity of vehicles in the core area of Beijing is generally less than 25.7 km/h, and the color of the road grids are mainly yellow, orange, or red. Figure 8 also shows that the traffic condition is mainly in accordance with a two-ring structure. The mean velocity of vehicles outside Beijing's 4th ring road largely falls in the range of (25.7, 160 ] km/h, with the color of the road grids being mainly green and blue. The mean velocity of vehicles in the core area of Beijing is generally less than 25.7 km/h, and the color of the road grids are mainly yellow, orange, or red. The correlation between the number of road grids with specific average velocity, , and the average velocity of vehicles, , in each road grid was quantitatively studied. The average velocity of vehicles was divided into 46 groups, with an interval length for the first 45 groups of 2 km/h. The interval of the last group is (90, 160] km/h. The histogram and fitted curve of the BiGaussian peak function are shown in Figure 9 . It can be seen that during the morning rush hour in Beijing, most road grids are in a "not fast" state, with a velocity in the interval of (8, 50 ] km/h. Moreover, there are a total of 8417 road grids with an average velocity in the interval of (14, 26] km/h, accounting for 34.75% of the total road grids-that is, a very high proportion of the road grids are in a "very slow" state. The quantitative correlation between the number of road grids with specific average velocity and the average velocity of vehicles can be very well represented by the following Bi-Gaussian peak function equation: The correlation between the number of road grids with specific average velocity, N number , and the average velocity of vehicles, V mean , in each road grid was quantitatively studied. The average velocity of vehicles was divided into 46 groups, with an interval length for the first 45 groups of 2 km/h. The interval of the last group is (90, 160] km/h. The histogram and fitted curve of the Bi-Gaussian peak function are shown in Figure 9 . It can be seen that during the morning rush hour in Beijing, most road grids are in a "not fast" state, with a velocity in the interval of (8, 50 ] km/h. Moreover, there are a total of 8417 road grids with an average velocity in the interval of (14, 26] km/h, accounting for 34.75% of the total road grids-that is, a very high proportion of the road grids are in a "very slow" state. (19, 25.7] , (25.7, 35 .1], and (35.1, 160] (km/h). The widths of the intervals are not equal, in order to ensure that the number of clustered vehicles in each group is the same. Figure 8 also shows that the traffic condition is mainly in accordance with a two-ring structure. The mean velocity of vehicles outside Beijing's 4th ring road largely falls in the range of (25.7, 160 ] km/h, with the color of the road grids being mainly green and blue. The mean velocity of vehicles in the core area of Beijing is generally less than 25.7 km/h, and the color of the road grids are mainly yellow, orange, or red. The correlation between the number of road grids with specific average velocity, , and the average velocity of vehicles, , in each road grid was quantitatively studied. The average velocity of vehicles was divided into 46 groups, with an interval length for the first 45 groups of 2 km/h. The interval of the last group is (90, 160] km/h. The histogram and fitted curve of the BiGaussian peak function are shown in Figure 9 . It can be seen that during the morning rush hour in Beijing, most road grids are in a "not fast" state, with a velocity in the interval of (8, 50 ] km/h. Moreover, there are a total of 8417 road grids with an average velocity in the interval of (14, 26] km/h, accounting for 34.75% of the total road grids-that is, a very high proportion of the road grids are in a "very slow" state. The quantitative correlation between the number of road grids with specific average velocity and the average velocity of vehicles can be very well represented by the following Bi-Gaussian peak function equation: 
The direction in which vehicles are heading is another important index for monitoring traffic flow conditions. We calculated the direction of each vehicle from 1,308,705 individual GPS data records. The result is shown in Figure 10 . 16 .04% of the total, respectively. These figures show that most vehicles in the study area moved in a north-south and east-west direction. This is in accordance with the road layout in the study area, since most highways and main roads in Beijing are arranged in the north-south and east-west directions. 
The direction in which vehicles are heading is another important index for monitoring traffic flow conditions. We calculated the direction of each vehicle from 1,308,705 individual GPS data records. The result is shown in Figure 10 . The numbers of vehicles heading in the direction intervals (345°, 15°], (75°, 105°], (165°, 195°] , and (255°, 285°] are 269,320, 189,222, 161,221, and 203,597, respectively, accounting for 21.22%, 14.91%, 12.71%, and 16.04% of the total, respectively. These figures show that most vehicles in the study area moved in a north-south and east-west direction. This is in accordance with the road layout in the study area, since most highways and main roads in Beijing are arranged in the north-south and east-west directions. 
Correlation between the Urban Commuting Electric Field and Urban Road-Traffic Commuting
To verify the two assumptions made in Section 2.3 and to study any correlation between the urban commuting electric field and the urban road-traffic commuting, the GPS data records of vehicle trajectories were clustered to the road grids (as shown in Figure 11 ) and the intensities and directions of the urban commuting electric field at these road grids were calculated. From the geographic data of Beijing, we obtained 39,500 road grids from highways and main roads. After data processing, there was a total of 23,854 valid road grids used for this study. 
To verify the two assumptions made in Section 2.3 and to study any correlation between the urban commuting electric field and the urban road-traffic commuting, the GPS data records of vehicle trajectories were clustered to the road grids (as shown in Figure 11 ) and the intensities and directions of the urban commuting electric field at these road grids were calculated. From the geographic data of Beijing, we obtained 39,500 road grids from highways and main roads. After data processing, there was a total of 23,854 valid road grids used for this study.
According to the first assumption made in Section 2.3, the sum of the electric field intensities → E r ji at a specific road grid usually reflects the importance of the road grid to a certain extent. Some previous studies have proved that there is a physical relationship between the density of traffic and the average speed of vehicles [42] . Therefore, road grids with higher importance will be more likely to have a slow traffic condition, since the bottleneck of the road-traffic network with a high density of traffic usually exists where the centrality of the network is higher. It also follows that the maximum velocity and the mean velocity of vehicles at a road grid with higher importance will be slower. The detailed correlation between the maximum velocity and mean velocity of the vehicles and the sum of the electric field intensities → E r ji is shown in Figure 12 . According to the results shown in Figure 7, 
To verify the two assumptions made in Section 2.3 and to study any correlation between the urban commuting electric field and the urban road-traffic commuting, the GPS data records of vehicle trajectories were clustered to the road grids (as shown in Figure 11 ) and the intensities and directions of the urban commuting electric field at these road grids were calculated. From the geographic data of Beijing, we obtained 39,500 road grids from highways and main roads. After data processing, there was a total of 23,854 valid road grids used for this study. According to the first assumption made in Section 2.3, the sum of the electric field intensities ∑� ( ) �����������⃗ � at a specific road grid usually reflects the importance of the road grid to a certain extent.
Some previous studies have proved that there is a physical relationship between the density of traffic and the average speed of vehicles [42] . Therefore, road grids with higher importance will be more likely to have a slow traffic condition, since the bottleneck of the road-traffic network with a high density of traffic usually exists where the centrality of the network is higher. It also follows that the maximum velocity and the mean velocity of vehicles at a road grid with higher importance will be slower. The detailed correlation between the maximum velocity and mean velocity of the vehicles and the sum of the electric field intensities ∑� ( ) �����������⃗ � is shown in Figure 12 . According to the results shown in Figure 7 , the sums of the electric field intensities ∑� ( ) �����������⃗ � are divided into 10 groups to ensure that the data recorders in each group are the same. According to the second assumption made in Section 2.3, the overall direction that vehicles take tends to be the same as the direction of the electric field. To verify this assumption, we calculated the vector sum of the velocities of vehicles in each valid road grid. As is well known, the vector sum of the velocities of two vehicles traveling at the same speed but in opposite directions is zero. Thus, the vector sum of the velocities of vehicles in the road grids can offset the velocities of some vehicles traveling in the opposite direction, and can reflect the comprehensive direction of the velocities of the vehicles in those grids. The vector sum of the directions of the electric field ( ) ���������⃗ at a road point is easy to calculate based on the urban commuting electrostatics model. The angle between the vector sum of the velocities of vehicles at the road grids and the vector sum of the directions of the electric field ( ) ���������⃗ at that same road point is denoted by | |. This difference | | is divided into 18 groups.
These intervals are identified by ⟦| |⟧ , = 1,2, … ,18. We studied the detailed correlation between the number of valid road grids and the number of vehicles clustered in the road grids to ⟦| |⟧ ( = 1,2, … ,18) . The results are shown in Figure 13 . In Figure 13 , . According to the second assumption made in Section 2.3, the overall direction that vehicles take tends to be the same as the direction of the electric field. To verify this assumption, we calculated the vector sum of the velocities of vehicles in each valid road grid. As is well known, the vector sum of the velocities of two vehicles traveling at the same speed but in opposite directions is zero. Thus, the vector sum of the velocities of vehicles in the road grids can offset the velocities of some vehicles traveling in the opposite direction, and can reflect the comprehensive direction of the velocities of the vehicles in those grids. The vector sum of the directions of the electric field → E r j at a road point is easy to calculate based on the urban commuting electrostatics model. The angle between the vector sum of the velocities of vehicles at the road grids and the vector sum of the directions of the electric field → E r j at that same road point is denoted by |δθ|. This difference |δθ| is divided into 18 groups. These intervals are identified by |δθ| i , i = 1, 2, . . . , 18. We studied the detailed correlation between the number of valid road grids and the number of vehicles clustered in the road grids to |δθ| i (i = 1, 2, . . . , 18). The results are shown in Figure 13 . In Figure 13 
We found that as the upper limits and the lower limits of the angle difference intervals increase, the number of eligible road grids and the number of eligible vehicles have a significant tendency to decrease. This means that the comprehensive trajectory of vehicles in most road grids tends to be along the direction of the electric field calculated from the urban commuting electrostatics model. With increasing angle difference | |, the number of road grids and that of vehicles decrease.
Discussion and Conclusions
The initial aims were how to analyze the characteristics of commuting generations and the characteristics of commuting dynamics using GPS trajectories, and then to clarify the relationship between them. We tried to solve these problems by establishing a set of simple, universal, and effective methods. In this paper, we made an analogy between urban traffic and electrostatics. This set of methods used includes several steps. First, an O-D hotspot clustering model was used to discover the O-D hotspots. Then, the core idea of the methods was introduced, namely that the spatial migration of people by vehicles was considered to be the outcome of a repulsion force from the pickup origin and an attraction force from the drop-off destination. A two-dimensional urban commuting electric field was built based on this idea. Afterwards, we researched the features of the urban commuting generations, the features of urban road-traffic commuting, and the correlation between them.
As a case study, we chose to study the core area of Beijing, which covers an area of 4552.99 km 2 , based on 1,308,705 valid GPS data records of vehicle trajectories from consecutive work days between the hours of 7:00 a.m. and 8:00 a.m. The models allowed us to obtain some significant findings, including the spatial distribution and characteristics of O-D hotspots, the ring structure of cities, the velocity distribution of vehicles, and the direction distribution of vehicles. Among all the results, the most important conclusion is that as the electric field intensity calculated by the urban commuting electrostatics model increases, both the maximum velocity of vehicles and the mean velocity of vehicles have a significant tendency to decrease. This means that areas with high electric field The quantitative relationship between the number of vehicles and the angle difference interval |δθ| i can be expressed by the following equation:
N vehicles −424.01 × |δθ| i + 1.03 × 10 5 , R 2 = 0.971 (18) We found that as the upper limits and the lower limits of the angle difference intervals increase, the number of eligible road grids and the number of eligible vehicles have a significant tendency to decrease. This means that the comprehensive trajectory of vehicles in most road grids tends to be along the direction of the electric field calculated from the urban commuting electrostatics model. With increasing angle difference |δθ|, the number of road grids and that of vehicles decrease.
The initial aims were how to analyze the characteristics of commuting generations and the characteristics of commuting dynamics using GPS trajectories, and then to clarify the relationship between them. We tried to solve these problems by establishing a set of simple, universal, and effective methods. In this paper, we made an analogy between urban traffic and electrostatics. This set of methods used includes several steps. First, an O-D hotspot clustering model was used to discover the O-D hotspots. Then, the core idea of the methods was introduced, namely that the spatial migration of people by vehicles was considered to be the outcome of a repulsion force from the pick-up origin and an attraction force from the drop-off destination. A two-dimensional urban commuting electric field was built based on this idea. Afterwards, we researched the features of the urban commuting generations, the features of urban road-traffic commuting, and the correlation between them.
As a case study, we chose to study the core area of Beijing, which covers an area of 4552.99 km 2 , based on 1,308,705 valid GPS data records of vehicle trajectories from consecutive work days between the hours of 7:00 a.m. and 8:00 a.m. The models allowed us to obtain some significant findings, including the spatial distribution and characteristics of O-D hotspots, the ring structure of cities, the velocity distribution of vehicles, and the direction distribution of vehicles. Among all the results, the most important conclusion is that as the electric field intensity calculated by the urban commuting electrostatics model increases, both the maximum velocity of vehicles and the mean velocity of vehicles have a significant tendency to decrease. This means that areas with high electric field intensity calculated by the urban commuting electrostatics model are more likely to have slow traffic. We use |δθ| to denote the angle between the vector sum of the velocities of vehicles at the road grids and the vector sum of the directions of the electric field at that same road point. Another important discovery is that as |δθ| increases, the number of eligible road grids and the number of eligible vehicles have a significant tendency to decrease. This means that the comprehensive performance of vehicles at most road grids tends to head along the direction of the electric field calculated by the urban commuting electrostatics model.
The results reflect that the models have the advantage of being able to analyze the urban road-traffic commuting dynamics in a unique way. The results above verify that the set of methods, including the proposed model, is valid to be used as a tool for analyzing the urban commuting generations and the features of urban road-traffic commuting, based on which the correlation between them can be clarified. The models proposed in this paper and the corresponding results provide a new perspective for understanding the mechanisms of urban road-traffic commuting. The model can also be used for urban zone and traffic network planning.
Future research could be conducted based on expanded datasets, following which the relationship between urban road-traffic commuting dynamics modeled using taxi trajectories and those modeled using more datasets could be explored in depth. 
